We introduce a new formalism to study perturbations of Hassan-Rosen bigravity theory, around general backgrounds for the two dynamical metrics. In particular, we derive the general expression for the mass term of the perturbations and we explicitly compute it for cosmological settings. We study tensor perturbations in a specific branch of bigravity using this formalism. We show that the tensor sector is affected by a late-time instability, which sets in when the mass matrix is no longer positive definite.
I. INTRODUCTION
The discovery of the accelerated expansion of the Universe [1] [2] [3] has reactivated attempts to modify gravity, i.e., General Relativity. Maybe the observed acceleration is not due to a highly fine tuned cosmological constant or some other form of dark energy, but to the fact that gravity becomes weaker on very large scales, see [4] for a review of the dark energy/modified gravity problem. This 'degravitation' [5, 6] can be achieved by different means, one of them is to give the graviton a mass of the order of the present Hubble parameter, H 0 , so that gravity has finite range.
The idea of massive gravity goes back to Fierz and Pauli in 1939 [7, 8] who found the unique quadratic expression in the deviation of the metric from a flat background which is free of ghosts. Later, in the 70s, Boulware and Deser have shown that higher order terms in the 'metric potential' generally re-introduce a ghost [9] . Only a few years ago, de Rham, Gabadadze and Tolley have successfully derived the first metric potential which is ghost-free at least up to fourth order in perturbation theory around flat space and in the decoupling limit [10] . This potential has been proved to be the most general metric potential in [11] and the proof of the absence of the Boulware-Deser ghost in the full non-perturbative theory away from the decoupling limit has been worked out in [12] , see also [13, 14] for the most general case.
A general feature of massive gravity is that the potential has to be formulated with respect to some reference metric, f µν as a function of g µα f αν . This reference metric is an absolute element of the theory, spoiling diffeomorphism invariance, one of the most attractive features of General Relativity. As a consequence, one can show that a flat reference metric, f µν = η µν , does not allow for cosmological solutions (apart for the Milne Universe which also represents flat space) [15] . But there is no obstruction to render also the reference metric dynamical by introducing an Einstein-Hilbert term in the action also for this metric. This leads in a natural way to a ghost-free bimetric theory of gravity [16] . Investigations of theoretical aspects of bimetric massive gravity can be found in [17] [18] [19] [20] [21] [22] [23] [24] .
To avoid the re-appearance of the ghost from the coupling to matter, one has to request that matter fields couple to one of the two metrics but not to both. The equivalence principle then implies that all matter fields couple to the same metric. A violation of this could be ruled out experimentally. For simplicity, in this work we therefore assume that matter couples only to one metric which we call the physical metric, g µν . This assumption, however, does not affect our main result, which does not involve the matter couplings. Relevant contribution to this bi-gravity sector are also given in [19, [25] [26] [27] [28] [29] [30] . For a review of recent results in bimetric theories see [31] .
Cosmological solutions of bimetric theories can actually fit the expansion history of the accelerating Universe [32] [33] [34] [35] [36] . Perturbation theory and observational tests of several models of bigravity are presented in [37] [38] [39] [40] [41] . The cosmology of bigravity in various cosmological settings is studied in [42, 43] while in Refs. [44] [45] [46] the cosmology of models of bigravity where matter is coupled to a combination of the two metrics is investigated.
Previously, some of us have derived a general mass term for massive gravity perturbations on an arbitrary background and for an arbitrary reference metric [47] , see also [48] . Here we want to generalize this work to bimetric gravity. In the bimetric context both the metrics admit fluctuations around their background configurations, g µν =ḡ µν + h µν and f µν =f µν + µν . The derivation of this mass term is the main goal of this paper. We then construct a convenient parametrization of the mass term for cosmological backgrounds and present the generic massive action for perturbations on a Friedmann-Lemaître spacetime. We express the mass term using the energy density and pressure as well as two new functions of the parameters of the theory. Finally, to illustrate our result, we apply our finding to a specific model and discuss tensor perturbations in this example.
The remainder of this paper is structured as follows: in the next section we briefly present the general setting of massive bigravity. In section III we derive the mass term. This section contains our main result. In section IV we specialize to the cosmological setting and in section V we present an application. In section VI we conclude. Some lengthy calculations are deferred to several appendices.
Notation: We set c = = k Boltzmann = 1.
GeV is the reduced Planck mass. We work with the metric signature (−, +, . . . , +) and we restrict to D = 4 spacetime dimensions. With · and with we indicate derivatives with respect to physical time and to conformal time, respectively. We consider only one of the two metrics coupled to matter, and we restrict to minimal couplings. We normalize the scale factor a to be one at present time, i.e., a 0 = 1.
II. THE BIGRAVITY ACTION
The action for Hassan and Rosen bigravity theory is given by [16] 
where R(g) and R(f ) are the Ricci scalar for the physical metric g µν and the reference metric f µν , respectively, M g and M f are the respective Planck masses and S matter (g, Φ) denotes the matter action. We assume the matter fields Φ to be coupled to g only. The potential U (f, g) is given by
where X ≡ g −1 f , β i (0 ≤ i ≤ 4) are arbitrary coefficients and
Here we use the notation
and so forth. Varying this action with respect to the metrics g and f one obtains the equations of motion
Here T µν is the energy momentum tensor obtained by varying the matter action with respect to the metric g µν , whereas G µν (g) and G µν (f ) are the Einstein tensors for the metrics g µν and f µν , respectively.
The Bianchi identities for the two metrics together with energy momentum conservation imply
where ∇ f and ∇ g denotes the covariant derivatives w.r.t the metrics f and g respectively. Equations (9) are called the Bianchi constraints for f and g, respectively. One can show that both Bianchi constraints are equivalent. Furthermore, using the fact that g −1 f can be written in triangular form, it is easy to verify that
where λ i are the eigenvalues of g −1 f , and 1 ≤ i, k, l ≤ 4. In terms of the t i , the potential defined in eq. (2) can be written as
We also introduce the quantities corresponding to the t i for the metric g −1 f without square root. They are easier to handle and will be used extensively in the rest of this work:
The relations between the t i and the s i defined in eq. (10) and eq. (12) respectively are, see also [49] :
These relations (13) are easily derived from eqs. (10) and (12), by using the fact that every matrix can be written in triangular form. In any way, since both sides of (13) involve only the coordinate independent quantities t i and s i they are of course generally true. This has also been shown explicitly in Ref. [48] .
III. METRIC PERTURBATIONS
We now expand the action for bigravity to second order in the metric perturbations, around generic background solutionsḡ µν andf µν . The perturbed metrics are defined as
From now on, the indices of the tensor h µν will be raised and lowered with the physical background metricḡ µν , whereas the indices of the tensor µν will be raised and lowered with the background metricf µν .
A. Kinetic terms for hµν and for µν
The kinetic term for h µν is given by the Lichnerowicz operator, E µναβ (ḡ), in curved spacetime
with
Here the covariant derivatives are taken with respect to the background metricḡ and 2 =ḡ ρσ ∇ ρ ∇ σ is the d'Alembertian operator. The kinetic term in square brackets in (17) is the curved spacetime version of the Lichnerowicz operator on flat space, see e.g. [50] , and the terms proportional to R(ḡ) and R σρ contribute to the potential for h µν which vanishes on a flat background. This contribution has the form of a mass term (since it is quadratic in h µν ), which depends on the background solution. While probably not new, we have not found this general form of the Lichnerowicz operator in the literature
1 . An expression for Einstein spaces, for which R µν (ḡ) =ḡ µν R(ḡ)/4 is given in Ref. [51] , but also this does not quite agree with eq. (17), since it is written with a different index position like Ref. [31] . Note also that these references consider a mass as well defined only for Einstein spaces, since in more general backgrounds one no longer has a local Poincaré symmetry and hence the mass as a Casimir of the Poincaré group is not well defined. We take here a more naive point of view and just call 'mass term' the term quadratic in the perturbations h µν which does not contain any derivatives, by analogy to the scalar field case.
G µν (ḡ) in eq. (16) is the Einstein tensor which solves the background equations of motion for g µν while the total derivative ∇ µ V µ g is irrelevant for the equations of motion. (Such a term can actually be removed on the level of the action by adding a suitable Gibbons-Hawking boundary term.)
The kinetic term for µν is analogous to the one for h µν ,
In eq. (18), covariant derivatives are taken with respect to the background metricf and 2 =f ρσ ∇ ρ ∇ σ is the d'Alembertian operator. E µναβ (f ) is the curved spacetime version of the Lichnerowicz operator, given by the analogous of eq. (17) for thef µν background, G µν (f ) is the Einstein tensor which solves the background equations of motion for f µν while the total derivative ∇ µ V µ f is irrelevant for the equations of motion.
B. The perturbed mass term
Making use of the definitions (10) and (12) and of the relations (13) , it is possible to write the perturbations of t i in terms of perturbations of s i , which in turn can be obtained from the variation of g −1 f ≡ g µρ f ρν . We keep only terms up second order in the metric perturbations. Therefore, for example, the fundamental quantity g −1 f is expanded as
Up to second order in the perturbations h µν and µν , the potential can be written as
Since we are considering perturbations around solutions of the background equations of motion, the terms linear in h µν and in µν in the Lagrangian cancel on shell and in our discussion they can be omitted.
The explicit calculation of the matrix elements (21)- (25) is cumbersome but rather straightforward. We present here only the final result in a compact form, collecting the details of the calculation and the open expressions of the final result in Appendix A. We find that the mass term expanded to quadratic order in the perturbation variables can be written as
where i = 1, 2, 3, 4 and to shorten the notation we have defined the following derivatives which are calculated explicitly in Appendix A:
All these objects are computed explicitly in terms of the background metrics in Appendix A. It is easy to check that this potential correctly reduces to the massive gravity one calculated in [47] , once the limits µν → 0 and f µν →f µν are taken. Furthermore, one can check that
This is a consequence of the fact that for M g = M f , the gravitational action (1) is invariant under the simultaneous exchange f ↔ g and β i → β 4−i .
Using the results above, we can write the general expression for the perturbed action, quadratic in the metric perturbations h µν and µν
Eq. (37) together with the expressions for the mass terms M
in Appendix A and the Einstein operator given in eq. (17) are the main result of our paper. It allows to write down the perturbation equations of bimetric massive gravity on an arbitrary background. In the following we apply it to cosmology.
IV. MASS TERM ON COSMOLOGICAL BACKGROUNDS
In this and the following sections, we specify to background solutions where both the metrics exhibit spatial isotropy and homogeneity. For simplicity, we assume that both the metrics have a flat spatial section, K = 0. Then, modulo time re-parameterizations, the most general form for the metrics (in conformal time τ ) is
It is convenient to define the conformal Hubble parameter (H) and the physical one (H) for both metrics:
where with we denote the derivative with respect to the conformal time τ . We introduce also the ratio between the two conformal scale factors
The Friedmann equations can then be written as
Here (8πG) −1/2 = M P = M g is the physical Planck mass and M * is the ratio between the two Planck masses, M * ≡ M f /M g , while ρ and p are the usual matter energy density and pressure. The quantities ρ g , p g and ρ f , p f play the role of gravitational 'energy densities' and 'pressure'. They come from the mass term.
With the ansatz (38, 39) for the background metrics, homogeneity and isotropy request that the mass tensor in eq. (26) admit the following general parametrization. For the gg and f f terms
where • stands for either g or f . And for the mixed terms gf the parametrization takes the form
The functions α • , γ • , • , σ • and η • (with • = g, f, gf or f g) depend on conformal time through the ratio between the two scale factors, r, and the lapse function c. Their explicit expressions are given in Appendix B. Note that contrary to gg and f f , M ij00 gf = M 00ij gf and we have introduced γ gf = γ f g . Given this parametrization it is straightforward to write the mass term for any type of perturbations on a cosmological background,
Even though this parametrization contains 16 functions of the background, these functions can be expressed solely in terms of two combinations of the β i parameters, which we denote as σ 1 and σ 2 together with the 'densities' and 'pressures' ρ g , ρ f and p g , p f . This is because one can use the Friedmann equations to simplify the mass term by combining it with contributions from the Einstein-Hilbert and the matter action. We present this in detail in Appendix B.
V. COSMOLOGICAL APPLICATION: ALGEBRAIC BRANCH
As an illustration of our formalism, we now apply our general result for the mass term to a specific cosmological setting, the algebraic branch of solutions of bigravity with matter minimally coupled to the g metric.
The Bianchi constraint (9) for the cosmological ansatz takes the form
We distinguish two branches of solutions, depending on how the Bianchi constraint (59) is solved. Either there is an algebraic constraint for r
or
At the background level the first branch, also called algebraic branch, is equivalent to GR with an effective cosmological constant, while the solution II gives rise to a richer cosmology. Since branch II has been studied in detail in Refs. [52] [53] [54] [55] , here we consider branch I. We shall show, that the claim which can be found in the literature [38, 52] , that in this branch not only the background but also the perturbations are identical to ΛCDM is not strictly true, but that tensor perturbations, i.e. gravitational waves in this branch actually develop a tachyonic instability at late time. The Bianchi constraint in branch I is realized by setting r =r =const. such that
hence
Solving the Bianchi constraint, eq. (62),r can be expressed as a functions of the β ī
In this case, the gravitational 'energy densities' in eqs. (42) and (43) become constant,
It is easy to check that (independently of the value of c), eq. (62) implies p g (r) = −ρ g (r) and the physical sector at the background level is equivalent to GR with an effective cosmological constant. From the Friedmann equation (43), we can extract the lapse function c, with the result
In order to have a viable background evolution, we have to impose conditions on the parameters such that Λ eff ≥ 0 and c 2 ≥ 0, i.e., respectively
and we have to request thatr given by eq. (64) is non-vanishing
We want now to find a minimal model (i.e. with the minimal number of non-vanishing parameters) in this branch satisfying the conditions (67) and (68) above. We restrict to the case β 0 = 0, since this parameter simply represents a traditional cosmological constant, and we know that the model β 0 = Λ/m 2 , β i = 0 for i = 0 works well, it is simply the standard ΛCDM cosmology which we do not want to investigate here. Single-parameter models are not viable since they giver = 0 orr = ∞. (The case where only β 4 or β 0 is non-vanishing leads to no coupling between the two metrics.) It is easy to check that none of the β 3 β i models satisfy the viability requirements. Also the β 1 β 2 model alone is not feasible since in this case eq. (67) requires at the same time β 2 < 0 and β 2 > 0. All three-parameter models, β i β j β k are viable if the parameters are chosen to satisfy the following conditions:
In what follows we set M * = 1. This is not a restriction since a finite M * can always be absorbed in the normalisation of the metric f µν and the parameters β i . The three 'minimal' models above have equations for the background and for 3 In the decoupling limit M 2 * → ∞, eq. (43) implies that H 2 f → 0 and, since r is a constant, from eq. (63) it follows H 2 /c 2 → 0 which is a consequence of c → ∞. The Friedmann eq. (42) is not affected by the decoupling limit.
the perturbations which are of the same structure, hence we expect them to be qualitatively similar both at the level of the background and of the perturbations. For definitiveness, but no other more physical motivation, in the rest of this work, we focus on the β 2 β 3 β 4 model. We choose β i 's satisfying the inequalities (71) and such that Ω Λ = 4 With this choice of parameters, the background evolution of the physical quantities is the one of ΛCDM with Ω Λ = 0.73. In Fig. 1 we show the evolution of the conformal Hubble parameter and of the lapse c as functions of the redshift. . In Fig 1(a) the evolution of the conformal Hubble parameter in bigravity is plotted together with the one of ΛCDM with ΩΛ = 0.73 (in red). The two quantities perfectly agree.
The equations for the perturbations in this background branch of bigravity are derived in [56] . We recall that this branch is affected by a strong coupling problem: neglecting matter, from the canonical analysis 7 degrees of freedom are expected (one massive and one massless graviton) but only 4 are accounted for. The helicity zero and helicity 1 modes of the massive graviton are not present and they are probably infinitely strongly coupled, i.e. have vanishing kinetic terms. The same problem of infinite strong coupling appears in the analogous branch in massive gravity.
Recently, in [57] , a 'minimal' model of massive gravity has been proposed which propagates at the fully non linear level the same number of degrees of freedom as linearized dRGT massive gravity in the algebraic branch. In this model, at every order in the perturbative expansion, only the helicity-2 modes are propagating. In principle it may be possible to extend the formalism developed in [57] to the bigravity case, building a minimal model of bigravity: this model would then propagate at every order in the perturbative expansion only 4 degrees of freedom, two belonging to the massless graviton and two the massive one. In particular, this model would have the same perturbation equations as the present algebraic bigravity branch, without being affected by the strong coupling problem.
In the following we focus on the study of the tensor sector in the algebraic branch, showing how the machinery developed in the first part of this paper can be applied to this case. We recall that the results of this study have to be taken cum grano salis, as we do not take into account problems which may be present as a consequence of the infinitely strong coupling of the helicity 0 and 1 modes. Our study would be realistic if these modes do not affect the evolution of the helicity 2 modes, e.g. because they remain small or because they even vanish as in a would be minimal model of bigravity.
A. New formalism applied to the study of tensor perturbations
In the following, we study tensor perturbations in the algebraic branch, both numerically and analytically. Making use of the formalism developed in this work, we show that the late time instability that we find in the tensor sector is due to the fact that an eigenvalue of the mass matrix becomes negative during the cosmological evolution.
Tensor perturbations of a given k-mode are composed of two independent helicity modes,
4 With this choice of parameters, at late times c 2 Λ eff /(r 2 Λc) 1, hence, as we will see in the equations for tensor perturbations, the coupling between the two propagating tensor modes will be not negligible at late times.
where
(1) , e (2) ) we have
and e (+2) ij
For parity invariant perturbations
and h + h − = 0. Here · · · denotes a stochastic expectation value. We consider a stochastic ensemble of parity invariant Gaussian gravitational waves. We discuss just one mode, say h
2 , so that h, is the square root of the power spectrum. All what follows is also valid for the modes h − , − which are not correlated with h + , + in the parity symmetric situation which we consider.
In the tensor sector, for the first order modified Einstein equations with a perfect fluid source, i.e. no anisotropic stress, in the algebraic background branch, from eq. (37) we obtain
is the mass term for the helicity 2 modes. Notice that the mass term in the above action is much simpler than the original one obtained from the action (55) for tensor perturbations. This is a result of replacing the Friedmann equations, which simplify contributions of the original mass term by combining them with contributions from the kinetic and the matter parts of the action, as explained in Appendix B. This simplification is general for the helicity-2 mode in cosmological solutions of bigravity and does not depend on our choice of branch. While the kinetic term is as expected diagonal in h and , the mass term acts on h − . Varying this action with respect to h and , we find the following equations of motion for the two tensor modes
The kinetic term in eq. (74) is diagonal and, for the background under study, positive definite. The tensor sector is therefore free of (Higuchi) ghost instabilities [36, 53] . We introduce canonically normalized variables associated with each of the two tensor modes
The action (74) for the canonically normalized variables can be written in matrix form as
where the 2 × 2 matrix M is given by
and
The action for the canonically normalized modes, eq. (79), is the action for two coupled harmonic oscillators with potential given by the matrix M. From now on, we will refer to this matrix as the mass matrix, since it has dimension of mass square. This matrix collects the contributions from the original mass term in the bigravity action (i.e. the terms proportional to m 2 ), the gradient terms (proportional to k 2 ) and contributions generated by the change of variable (78) from the original action (74) which canonically normalizes the variables and removes all damping terms (first order derivatives).
In matrix notation, in terms of Q = (Q h , Q ) T , the equations of motion now reduce to
By construction, the kinetic matrix is simply the identity. The fact that we can choose it positive means that there is no ghost present. The eigenvalues of the mass matrix are
For our choice of parameters with m 2 β i H 2 0 and c r
, in the various epochs the eigenvalues can be approximated in compact form as
where D is defined in eq. (75) and we have considered a power law background expansion, a ∝ τ α in the last equalities for λ 1 and λ 2 . We call Q 1 and Q 2 the mass eigenstates associated to λ 1 and λ 2 , respectively. The eigenvalue λ 1 is the expression for the squared frequency of the standard canonically normalized tensor mode in GR. Hence, one of the two mass eigenstates is exactly the massless graviton of GR and, as is well known, it is (marginally) stable. On super Hubble scales Q 1 ∝ a, such that Q 1 /a =constant while for sub-Hubble scales Q 1 oscillates at constant amplitude. The more interesting eigenvalue is λ 2 . For our choice of the parameters β i and m , we obtain
For the stability of the second mass eigenstate we request λ 2 ≥ λ 1 . In the various cosmological epochs, from the expressions for H one can easily derive
where ξ = 357 + 3/4 , 1432 + 3/4 , 361 + 3/4 in radiation (α = 1), matter (α = 2) and de Sitter (α = −1) eras respectively. At early times, condition (89) is satisfied for all modes of cosmological interest, k
, since c 1. At low redshift, instead, a tachyonic instability appears which sets-in earlier for lower frequency modes.
Both tensor modes of the g-and f -metrics develop an instability since they are given by a mixture of the two mass eigenstates. To quantify the effects of the instability on the physical g sector, we need to go beyond this qualitative analysis and to explicitly solve the equations for perturbations in the various cosmological epochs.
In Appendix C we determine analytical solutions during a de Sitter like inflationary stage, during radiation domination, matter domination and during a late de Sitter phase in the limit where the couplings between h and can be neglected. We see that in this case, no instabilities occur. We also find that for an inflationary Hubble parameter H I H 0 the power spectrum of the -mode is severely suppressed with respect to the one of h for all modes of cosmological interest. Therefore, we expect that at high redshift, the evolution of the physical tensor mode h will be not affected by the coupling with . We explicitly verify this, by solving analytically the decoupled differential equations describing the evolution of gravitational waves in the radiation-and matter-dominated epochs and by estimating the amplitude of the coupling. During the radiation and matter era at sufficiently high redshift h evolves like in ΛCDM while has a constant and a decaying mode. Only at late times the coupling term in the equation for the physical tensor mode becomes relevant and deviation from the GR evolution can be expected.
The scale of inflation may lie above the strong coupling scale 5 . For massive gravity on a flat background this scale is Λ 3 ≡ (m 2 M P l ) 1/3 but for cosmological backgrounds it is not known neither for massive gravity nor for bigravity. For this reason the results for the inflationary power spectra may not be representative. In the following numerical treatment we shall not consider this point and we do not make any assumptions on the initial conditions but just vary them and study their effect.
B. Numerical results
In this section we report the results of a numerical integration of the tensor mode evolution equations. In particular we want to test the appearance of a tachyonic instability at late times for low-k modes. For this, we numerically evolve the system of differential equations (76), (77), starting from the redshift of matter-radiation equality. We focus on modes that become sub-horizon during the late matter-dominated era.
Since during inflation and radiation, the physical tensor mode h evolves like in GR, see Appendix C, we choose GR-like initial conditions for h at the redshift of equality
The mode at the end of inflation is suppressed with respect to h by a factor (k/H 0 )(H 0 /H I ) 1/2 and during radiation has a constant and a decaying mode, which oscillates with a very high frequency. In our numerical study we choose generic initial condition for , parametrized by two constants (A, B) as
and we explore how the result of the numerical integration is affected changing the parameters A and B. Fig. 2 shows the result of the numerical integration for different modes for the case A = B = 1. The evolution of the physical tensor mode h is plotted together with the corresponding result in ΛCDM (red, dotted line). A deviation from the ΛCDM evolution appears at late times and becomes more important for small values of k/H 0 . This is in line with what we find in Appendix C: at late times the coupling terms in the equations for the tensor modes (C34) and (C35) grow like H 2 and become relevant when they reach the order of magnitude of the k-term. Therefore, the effect of the coupling becomes relevant earlier for larger modes. In other words, at late times, modes with k H 0 will experience a larger deviation from the ΛCDM evolution. This is visible in Fig. 3 , where for different values of k/H 0 the evolution of tensor perturbations is plotted into the future, until negative redshift. We see that the tensor sector exhibits an instability and the instant at which this instability shows up in the physical sector is pushed towards future time for smaller wave lengths, k H 0 . In Fig. 4 we show the evolution of tensor perturbations keeping the mode k fixed and we vary the initial conditions for the mode, A and B. For h we again choose for GR-like initial conditions h(z eq ) = 1 and h (z eq ) = 0. The presence of the coupling of the mode to h affects the evolution of the physical mode only at late time and only if the ratio /h at the beginning of matter domination is not too small(i.e. A and B 
VI. DISCUSSION AND CONCLUSION
In this work we have developed a new formalism that allowed us to write the general expression for the bi-gravity action, perturbed to second order in the metric perturbations around generic backgrounds. We explicitly give this mass term of the perturbations in terms of the arbitrary background metricsḡ andf . Even though we use a special
Tensor perturbations for GR-like type initial conditions in the physical sector, h(zeq) = 1 , h (zeq) = 0 and (zeq) = A , (zeq) = H0 B. The evolution of tensor perturbations in the physical sector is plotted together with the one of ΛCDM with the same initial conditions (red, dotted line).
form (upper triangular) to derive the expressions, we finally give them in terms of the metric components valid in arbitrary coordinates. We then apply our formalism to cosmology. We present the generic action of cosmological perturbation which can
Tensor perturbations for GR-like type initial conditions in the physical sector, h(zeq) = 1 , h (zeq) = 0 and (zeq) = A , (zeq) = H0 B. The evolution of tensor perturbations in the physical sector is plotted together with the one of ΛCDM with the same initial conditions (red, dotted line). The system is evolved into the future to show the appearance of an instability for k H.
be expressed in terms of the energy densities and pressures, ρ g , ρ h and p g , p f and two additional functions σ 1 and σ 2 of the background variables r and c.
We finally study the evolution of tensor perturbations in the algebraic branch of bigravity cosmology. Analyzing the positivity condition of the mass matrix for the canonically normalized tensor modes, we find that at late times, the tensor sector is affected by a tachyonic instability, which sets in earlier for smaller wave numbers. This result has been checked both analytically, solving the equations for tensor perturbations in the various cosmological epochs, and numerically. We find that the evolution of tensor perturbations in the algebraic branch manifests a late time instability in both the g− and the f − sectors. The order of magnitude of the instability strongly depends on the ratio between the two tensor modes at the beginning of matter domination. In particular if is of the same order as h, this instability manifests itself at present time in the physical sector for k of the order of the Hubble parameter today. If
Tensor perturbations for initial conditions h(zeq) = 1 , h (zeq) = 0 and (zeq) = A , (zeq) = H0 B. The evolution of tensor perturbations in the physical sector is plotted together with the ΛCDM one with the same initial conditions (red, dotted line). The result of the numerical integration is shown for various choices of A B. Note that even for A = B = 0, the coupling generates an -mode at late time, which has a (small) effect on the physical gravitational wave amplitude h(z).
instead initially is significantly suppressed with respect to h the initial time of the instability is pushed towards the future. This last situation (z e ) h(z e ) is the one which appears in our analytic study of the dynamics of the tensor sector during de Sitter inflation. However, since inflation lies most probably in the strong coupling regime where the effective bimetric massive gravity theory studied in this paper is no longer valid, we have discussed the instability for arbitrary initial conditions. Furthermore, independent of the initial conditions, for every mode k, there is a redshift (in the past or in the future) at which this mode will become unstable.
Finally, some comments on our choice of the β i parameters are in order. We have chosen the values of the β i such that the constraints for the viability of the background evolution are satisfied (see section V) and such that they reproduce the observed late time evolution of the Universe. The remaining choice of the values for the β i does not affect the qualitative result found for the evolution of tensor perturbations and the appearance of a late-time instability. Indeed, in our analysis the physical quantity which is sensitive to a change in the parameters is the redshift at which a given mode becomes unstable, given by eq. (89) for m 2 β i H 2 0 . The redshift at which an instability shows up depends on the values of the β i and only if we choose a special tuning, e.g., such that the right hand side of eq. (89) is vanishing, the tensor sector is stable on all scales and redshifts.
Of course, the analysis presented here is a linear perturbation analysis and it cannot determine what happens at higher order. Whether a positive h 4 term or couplings to scalar and vector perturbations re-install stability cannot be decided with our analysis.
Another point in our analysis where the values of the β i enter is the expression for c at the end of inflation. Our estimate c H I /H 0 1 is valid for m 2 β i H 2 0 . The fact that c is so large at the end of inflation determines the suppression of the power spectrum of the f tensor mode with respect to the one of the physical mode and it is crucial to push the beginning of the instability towards future times. This suppression can be reduced by tuning the value of m 2 β i to lower the value of c at the end of inflation, e. (65) a very significant fine tuning is needed to obtain the correct dark energy density today.
The mass term computed in this paper can be used for all future application of massive bigravity for cosmology or to discuss perturbations on an arbitrary background solution. It can also be used to investigate whether tachyonic modes are present for a given solution, rendering the theory unstable.
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Appendix A: Details of the mass term
In this appendix, we present the details of the computation of the mass term M µναβ (ḡ,f ) and the final result given in section III, written explicitly in terms of the background metrics.
In the main text the mass matrix elements are given in terms of first and second derivatives of the functions t i (g, f ) in eqs. (27 -33) . Here we compute these derivatives.
Making use of eq. (13), we can express the first-and second-order perturbations of t i in terms of those of s i . The variables t i and s i are defined in eqs. (10) and (12), respectively. We first introduce the derivatives of s i in the same way as those for the functions t i given in eqs. (34) and (35),
for i ∈ {1, 2, 3, 4}.
The first derivatives of t i , which have been defined in eq. (34) 
Here • denotes g or f .
The mass term is well defined only if A is finite, i.e.,t is positive definite. This is also requested for our formalism to make sense, as otherwise the λ i might not have real roots.
To obtain an explicit expression for the second derivatives of t i in terms of these first derivatives and the second derivatives of s i eq. (A2), we have to derive the relation between s i and t i , eq. (13), a second time. A rather cumbersome but straightforward calculation leads finally to the following expressions:
where •• denotes gg, f f or gf , and where we have introduced
The above sum goes over I ⊂ {1, 2, 3, 4} such that both, p and 2q − p are in {1, 2, 3, 4} and the parameter ξ is ξ = 1 when •• = gg or •• = f f (since the symmetrization with respect to the exchange of the indices (µ, ν) ↔ (α, β) applies in this case), whereas ξ = 2 when •• = gf (since the same symmetrization does not apply in this case). With this we have expressed the derivatives of the variables t i in terms of those of the s i . Recalling the definition of the s i , eq. (12) and the definition of the potential, eqs. (3)-(6), the derivatives of s i can be obtained directly by expanding the matrix
where h denotes (h 
7 To do so, we can use the expressions of thet i functions in terms of the λ 
We use the well known identity ∂F ∂gµν = −g µα g νβ ∂F ∂g αβ , valid for an arbitrary function F (g −1 ). 
The operator Sym{· · · } indicates symmetrization in (µ ↔ ν), (α ↔ β), (µ ↔ ν)(α ↔ β) and (µ, ν) ↔ (α, β), whereas the operator sym{· · · } indicates symmetrization in (µ ↔ ν), (α ↔ β) and (µ ↔ ν)(α ↔ β) but not (µ, ν) ↔ (α, β). These are the expressions for the derivatives of the functions s i which enter the expressions for the derivatives of the t i , eqs. (A5), which in turn enter in the expression for M µναβ , eqs. (27)- (33) . Not surprisingly, the expressions for the second derivatives of s 2 and s 3 are lengthy. The s We give here the explicit expressions for the functions which parametrize the mass tensor on cosmological backgrounds, as presented in Section IV: 
η gf = 1 r β 1 + β 3 cr 2 + β 2 (c + 1)r ,
σ gf = − 1 r β 1 + β 3 cr 2 + β 2 (c + 1)r .
Note that for c = 1 an arbitrary coefficient µ f can be obtained from the corresponding µ h by replacing β i → β 4−i and r → r −1 as a consequence of the symmetry (36) . As c has been set to 1 for the metricḡ the behaviour with c is less evident. Setting c = 1 gives the general mass term for conformally related metrics g and f . In this case, in the algebraic branch all coupling terms µ gf vanish and the mass matrix completely decouples. For conformally related metrics the algebraic branch reduces to two independent copies of Einstein gravity.
We can conveniently express all parametrization functions in terms of ρ g , ρ f , p g , p f introduced in eqs. (42) (43) (44) (45) and two functions σ 1 ≡ β 1 + 2β 2 r + β 3 r 2 and σ 2 ≡ β 1 + β 2 (c + 1)r + β 3 cr 2 as follows:
Once the Friedmann equations (42) (43) (44) (45) are used to replace ρ • and p • by H • and H • , all these terms cancel with contributions from the in the kinetic part of the action and σ 1 and σ 2 are the only functions of the β i which remain 9 . The final action for scalars, vectors and tensors after this simplification is given in [58] for a specific gauge choice.
If we consider super-Hubble modes and we neglect the k-term in eq. (C13), also the term proportional to R r h has to be neglected since k 2 h ≥ |R r h| ≈ 0.2H 2 0 h. Therefore, recalling that at the end of inflation h > , eq. (C13) is decoupled and given by h + 2 τ h = 0 ,
with solution 
In the last inequality we have used the inflationary result for h/ . This is certainly satisfied early on but may be violated for large scales at late time, when z → 3000. If we set h/ ∼ 1 it is even satisfied until equality. As long as eq. (C20) is satisfied also eq. (C14) is decoupled and for h, it can be approximated as
where T ≡c r (k/H 0 ) (Ω r0 H 0 ) This is the same equation that we find in GR during matter domination. On super-horizon scales, it has the following solution
At late time, when a 1/2 ∼ 1, the coupling becomes significant and this approximation no longer holds on large scales. In eq. (C25), the coupling is negligible as long as 
This condition is satisfied for h/ (1 + z) 2 . If we neglect the coupling, eq. (C25) becomes
where T Summarizing, we find that also during matter domination, as long as couplings can be neglected, h evolves as in GR while has a constant and a decaying mode and it oscillates rapidly. At late times, especially for the large modes with k ∼ H 0 coupling can in general not be neglected and the system has to be solved numerically.
